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Abstract. The f{T) theory, a generally modified teleparallel gravity, has been proposed as an alternative 
gravity model to account for the dark energy phenomena. Following our previous work [Xin-he Meng 
and Ying-bin Wang, EPJC(2011), arXiv:1107.0629vl], we prove that the Birkhoff's theorem holds in a 
more general context, specifically with the off diagonal tetrad case, in this communication letter. Then, 
we discuss respectively the results of the external vacuum and internal gravitational field in the f{T) 
gravity framework, as well as the extended meaning of this theorem. We also investigate the validity 
of the Birkhoff's theorem in the frame of f{T) gravity via conformal transformation by regarding the 
Brans-Dicke-like scalar as effective matter, and study the equivalence between both Einstein frame and 
Jordan frame. 
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1 Introduction 



i.Cq Modified theories of gravity 



Since the discovery of the accelerating expansion of the 
universe, people have made great efforts to investigate 
the hidden mechanism, which also provides us with great 
opportunities to deeply probe the fundamental theories 
of gravity. As one of modified gravitational theories, the 
f(T) gravity is firstly invoked to drive inflation by Fer- 
raro and Fiorini yy. Later, Bengochca and Ferraro ^, as 
well as Linder [3|, propose to use the /(T) theory to drive 
the current accelerated expansion of our universe with- 
out invoking the mysterious dark energy. The framework 
is a generalization of the so-called Teleparallel Equiva- 
lent of General Relativity (TEGR) which is firstly pro- 
pounded by Einstein in 1928 [3] and maturates in the 
1960s (For some reviews, see W,^). Contrary to the the- 
ory of general relativity which is based on Riemann geom- 
etry involving only curvature, the TEGR is based on the 
so named Weitzenbock geometry with the non-vanishing 
torsion. Owing to the definition of Weitzenbock connec- 
tion rather than the Levi-Civita connection, the Riemann 
curvature is automatically vanishing in the TEGR frame- 
work, which brings the theory a new name, Teleparallel 
Gravity. For a specific choice of parameters, the TEGR 
behaves completely equivalent to the Einstein's theory of 
general relativity. Furthermore, by using the torsion scalar 
T as the Lagrangian density, the TEGR can give a field 
equation with second order only, instead of the fourth or- 
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der as in the Einstein's field equation, and avoids the in- 
stability problems caused by higher order derivatives as 
demonstrated in the metric framework f{R) gravity mod- 
els. 

Similar to the generalization of Einstein's theory of 
general relativity to the f{R) theory (For some references, 
see [7H25]). the modified version of teleparallel gravity as- 
sumes a general function f{T) as the model Lagrangian 
density. Also, the /(T) theory can be directly reduced to 
the TEGR if we choose the simplest case, that is, f{T) — 
T. The Lorentz invariance and conformal invariance of 
the f{T) theory is also investigated [211 US], with many 
interesting results presented. A class of /(T) models with 
diagonal tetrad are proposed in succession to explain the 
late-time acceleration of the cosmic expansion without the 
mysteriously so-called dark energy, and are fitted the cos- 
mological data-sets very well (e.g. [2l [3l I26H32] ) . Most of 
the previous works consider the f(T) gravity with diago- 
nal tetrad field only. Noting that the tetrad field has six- 
teen components rather than ten as in the metric frame, 
there are more freedoms and more physical meaning from 
the extra uncertain six components. In our previous work 
|33| . we have proved the validity of Birkhoff's theorem in 
/(T) gravity with a specific diagonal tetrad. In this let- 
ter, we study this issue more generally with also the off 
diagonal tetrad field, and discuss the physical meaning in 
a more extended context. 

The Birkhoff's theorem is also called Jebsen-Birkhoff 
theorem, for it was actually discovered by Jebsen two years 
before George D. Birkhoff in 1923 [31|35]. The theorem 
states that the spherically symmetric gravitational field in 
vacuum must be static, with a metric uniquely given by 
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the Schwarzschild solution form of Einstein equations [36^ . 
It is well known that the Schwarzschild metric is found in 
1918 as the external (vacuum) solution of a static and 
spherical symmetric star. The Birkhoff's theorem means 
that any spherically symmetric object possesses the same 
static gravitational field, as if the mass of the object were 
concentrated at the center. Even if the central spherical 
symmetric object is dynamic motion, such as the case in 
the collapse and pulsation of stars, the external gravita- 
tional field is still static if only the radial motion is spher- 
ically symmetric. The same feature is held in the classical 
Newtonian gravity. 

In this work we investigate the Birkhoff's theorem in 
the /(T) gravity model generally with both the diagonal 
and the off diagonal tetrad fields, analyze the extended 
meaning of this theorem, and study the equivalence be- 
tween both Einstein frame and Jordan frame. First, in 
section two we briefly review the f{T) theories, and in 
section three we prove the validity of Birkhoff's theorem 
of the f{T) gravity with both off diagonal tetrad and diag- 
onal tetrad fields. In section four, we then discuss the va- 
lidity of the Birkhoff's theorem in the frame of /(T) grav- 
ity via conformal transformation by regarding the Brans- 
Dicke-like scalar as effective matter. Both the Jordan and 
Einstein frames are discussed in this section. And some 
new conclusions and discussions are provided in the last 
section. 



2 Elements of /(T) Gravity 

Instead of the metric tensor, the vierbein field ei(x^) plays 
the role of the dynamical variable in the teleparallel grav- 
ity. It is defined as the orthonormal basis of the tangent 
space at each point x'^ in the manifold, namely, e, • e^ = 
77ij, where rjij = diag{l, —1, —1, —1) is the Minkowski met- 
ric. The vierbein vector can be expanded in spacetime co- 
ordinate basis: e^ = ef9^, e' = e^da;''. According to the 
convention, Latin indices and Greek indices, both run- 
ning from to 3, label the tangent space coordinates and 
the spacetime coordinates respectively. The components 



eX = V- 



of vierbein are related by e^e^ — Sj^ 

The metric tensor is determined uniquely by the vier- 
bein as 



5ai"^ ~ Vij^fj.^l/y 



(1) 



which can be equivalently expressed as rjij = g^^^e* e^. The 
definition of torsion tensor is given then by 



TP.. 



rp 



pp. 



^ui 



(2) 



where FP is the connection. Evidently, TP vanishes in 
the Riemann geometry since the Levi-Civita connection 
is symmetric with respect to the two covariant indices. 
Differing from that in Einstein's theory of general relativ- 
ity, the teleparallel gravity uses Weitzenbock connection 
defined directly from the vierbein: 



rp,.. 






(3) 



Accordingly, the antisymmetric non-vanishing torsion is 



TP„ 



eP{d,e^ - a.ep. 



(4) 



It can be confirmed that the Riemann curvature in this 
framework is precisely vanishing: 



RP 



Ofiu 



d PP 



8 pP 

^v^ a. 






K.n, = 0. (5) 



In order to get the action of the teleparallel gravity, it 
is convenient to define other two tensors: 



p 



1 



{TZ ■ 






T/^), 



and 



sr 



5PT 



eu 



P 2^ P ' "P " " "P 



SJ'T 



ep^ 



(6) 



(7) 



Then the torsion scalar as the teleparallel Lagrangian den- 
sity is defined by 



T = S;^TP^,. 



(8) 



The action of teleparallel gravity is then expressed as 



/ = 



1 
IQnG 



d'*x eT, 



(9) 



where e =det(e* ) = \J—g. Performing variation of the ac- 
tion with respect to the vierbein, one can get the equations 
of motion which are equivalent to the results of Einstein's 
theory of general relativity. 

Just as in the /(-R) theory, the generalized version of 
teleparallel gravity could be obtained by extending the 
Lagrangian density directly to a general function of the 
scalar torsion T : 



/ 



1 



167rG 



d4xe/(T). 



(10) 



This modification is expected possibly to provide a natu- 
ral way to understand the cosmological observations, es- 
pecially for the dark energy phenomena, as a motivation. 
Then the variation of the action with respect to vierbein 
leads to the following equations: 

-^-S^f^AnGT^'', (11) 

where fx and fxr represent the first and second order 
derivatives with respect to T respectively, and S^'^'^ = 
elSp"^. T " is the energy-momentum tensor of the par- 
ticular matter, with assuming that matter couples to the 
metric in the standard form. 



3 Extended Birkhoff's theorem in /(T) 
Gravity with both the off diagonal tetrad and 
the diagonal tetrad 

In our previous work |33| we have proved that the Birkhoff's 
theorem is valid in f{T) gravity with diagonal tetrad. But 
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the /(T) gravity with diagonal tetrad wih give a strong 
constraint for a constant torsion scalar, which is shown in 
Ref. [37] , while another off diagonal tetrad field is able to 
construct interesting exact solutions to these field equa- 
tions. The off diagonal tetrad field can provide bigger room 
to modify the gravity for its six more freedoms. There- 
fore, we think that the research of the Birkhoff's theorem 
with off diagonal tetrad field is necessary and realistically 
meaningful. 

We consider the external vacuum gravitational field 
solution of a spherically symmetric object. The spherically 
symmetric metric generally can always be written in the 
following form: 



For the same reason as to i?2°, that E^ is also equal to 
zero. After some manipulations, Eq. (IT7| leads to 



ds' 



,a{t,r)^^2 _ eK*,-)dr2 - r^dO^ - r^ sin^e d^^, (12) 



where a{t,r), h{t,r) are arbitrary functions of the coor- 
dinates t and r. One possible corresponding off diagonal 
tetrad field can be written as 



(i 



\ 



2 








e 2 smfc* cosq 

''(','■) ■ n ■ . 

e 2 smt' svaq. 

b(t,r) 

e 2 cos9 





rcos9 coscZ 

rcosO sini?! 

—rsm9 



\ 

' — rsin^ sin^ 
— rsin^ cos4 

; 

(13) 



The determinant of vierbein is e — e ~ 

Then the tensors defined in Eqs. ( 4|6|7 ) are determined, 

and the torsion scalar is given by 



T 



2 e- 



1)(^ 



a'it, r) 



^b(t,r) 



(14) 



where a prime denotes the derivative with respect to r, 

while a dot overhead denotes the derivative with respect to 

t. We will follow these conventions throughout this work. 

For convenience, we introduce the tensor E^" to repre- 



sent of the left hand side of Eq. (Ill, and the field equation 
can be then re-expressed concisely as 



e; = 4^Gr/. 



Then, we work out all the components of E^' ^ and find 
most of them are not vanishing, including some quite com- 
plicated ones. But the two components we used, fortu- 
nately not very complex, are given by respectively 



1 



a{t,r)'r 



6 2. 



(19) 



For b{r) is independent of t, the left of Eq. ( 19 1 should be 
also a function of r. After performing an integration with 
respect to r, the function a{t, r) could be simply expressed 
as 

a{t,r)=a{r)+c{t), (20) 

where c{t) is an arbitrary function of t, and the a{r) is an 
integral function of the variable r. Therefore the function 
ga(t,r) pg^jj i^g written as 



,a(t,r) 



ea(t)gC(t)^ 



(21) 



The factor e^^*) can always be absorbed in the metric 
through a coordinate transformation f — ^ t', where t' is 
the new time coordinate defined as: 



di'^e^di. 



(22) 



Therefore the metric presented in Eq. (12 1 becomes 



ds^ = eS^'-) dt^ - e'<'^) dr^ - r^d9^ - r^ sin^9 dcj)^, (23) 

This is exactly a static metric, which is required by the 
Birkhoff's theorem. 

As a demonstration, we also perform the computation 
with the corresponding diagonal tetrad field, which can be 
written as 



, a(t.T-) b(t,r) , 

diag(e 2 , e 2 ^ r, rsin9j 



(24) 



a(t,r) + b(t.r) 



and the determinant of vierbein is e = e" 2 r" smw. 
It is easy to find some of the non- vanishing components of 
E J^ . The two components we used are given by respec- 
tively 

„-a{t,r) 

-b{t,r)fT, (25) 



E," 



2r 



(15) and 



E' = 



2e-Kt,r) 



cost 



(d'{t, r)r - b{t, r) - rb{t, r)a'{t, r)\ 



■fxT- 
(26) 



E,° = ^cot9e-<'-^Hit,r)fT, 



(16) 



E^^ = ^cot6'e-^(*''^)(2-2e^^ + a' (t, r)r)fT. (17) 

Since the non-diagonal elements of energy- momentum ten- 
sor for spherically symmetric gravitational source are nat- 
urally equal to zero, -Ej" always vanishes. And fr should 
not be trivially zero for the real universe observation, 
which is restricting 6(t, r) to be only the function of r, 
that is, 

bit,r)^b{r). (18) 



Since the non-diagonal elements of energy-momentum ten- 
sor are naturally equal to zero, E^^ and Eq^ always van- 
ishes. Like the previous discussion, b{t, r) — 0, we get 



b{t,r) = b{r). 



Substituted into equation ( 26 ) , it leads to 



d'{t,r)r = 0. 



(27) 



(28) 



Similar to Eqs. (18 1 and (191, the above two equations de- 



duce the same conclusion as the case of the off diagonal 
tetrad field. 
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In the previous proof, we have not used any specific 
model form for /(T) gravity. What we only require is that 
it should satisfy the necessary physical meaning, which 
means nontrivially /t 7^ 0. 



Note that the integral performed on Eq.( 19 ) is over the 



external region, and therefore the distribution and motion 
of the internal source matter cannot infiuence a{r) any 
way. We then come to the conclusion that the spherically 
symmetric vacuum solution of the f(T) gravity must be 
static, and is independent of the radial distribution and 
motion of the source matter, implying that Birkhoffs the- 
orem still holds generally. 



4 The Birkhoff's theorem in the frame of 
/(T) Gravity via conformal transformation 

It is well known that the f{R) gravity is dynamically 
equivalent to a particular class of scalar-tensor theories 
via conformal transformation, but the Birkhoff's theorem 
generally does not hold in scalar-tensor gravity. The case 
of /(T) gravity via conformal transformation is more com- 
plicated than that of f{R) theories, which has been proved 
in the work | 25j . 

We will explore the difference between /(T) gravity 
and sealer-tensor theory, and compare the results obtained 
from the Jordan and Einstein frames via conformal trans- 
formation. Firstly, let us write the general action for a 
Brans-Dicke-like f{T) theory. 



Sbd — 



0r--5''''V^0V,0-y(,^)+2fc2£„(e;) 



(29) 

where we have assumed to to be constant. This action is 
written in the Jordan frame, which is related with the 
Einstein frame by the conformal transformation. 



n e * where 



n' 



(30) 



under which the action ( 29 ) can be transformed to the 
Einstein frame as, 



Se = I d'*a: e 



f - 20-ia^0f V - 5^^|Z^v^0v^ 



F(0) 

^2 



2k' / d^xeC^ie;) 



(31) 



By redefining the scalar field a.s cj) — e'^/^^" '^ for the 

4,2 , 



observation of the solar system ui « 500, and U{}p) 



we change the action (31 1 as, 
f ' 



d X e 



V2a;-3 
2fc2 fd^xeCrnie;) 



d^ipfp^^ - -r^^^cpv^ip 



(32) 



Differing from the case in f{R) gravity, an additional scalar- 
torsion coupling term presents in the action. Therefore, 



the f{T) gravity is not simply dynamically equivalent to 
the TEGR action plus a scalar field via conformal trans- 
formation, and one cannot use the results of scalar-tensor 
theories directly to f{T) gravity. Nonetheless, we can also 
obtain the field equations by varying the action ( 32 ) with 



respect to the tetrad field ej and the scalar field </?, which 
yields 



g-l/=.« 



Ga 



2^20; - 3 



2v^ 



(jj ■ 



3 » PM 



5^(^ 



2^/2c[^ 



_~p rpa 
-g'- i^ pp 



and 



-2k 



ie",t/(^)+'^e^,f";"), 



.(5(e£„i) dU{ip) 

= Llip — 

eS(p dip 



(33) 



V2w-3 



i-'d.ier-'K.), (34) 



where the G^^ in Eq.(33) is defined by 



Ga 



d^ie-e^.S/n + ee^TP^^Sr 



1 



-ee"T. 



(35) 



The field equation (33) seems very complicated, while the 
components that we need can be simplified. If the (p = (/Sq, 



which is a constant, the field equation (33) degenerates 



to the teleparallel gravity with the cosmological constant 
A = 2U{ip). In this case the Birkhoff's Theorem holds both 
in Einstein frame and Jordan frame with the diagonal and 
off diagonal tetrad fields. 

Assuming ip = ip{t^r), because of the relation = 
gip/V2cj-3^ we can generally define ~ (l){t,r). On one 
hand, the Sj*^ and £2^, which we use to prove the validity 
of Birkhoff's Theorem with the off diagonal tetrad field, 
change as, 



E,' 



1 



cot6le-°(*''^)6(t,r)/T 



^^'ip 



2y/2u 



e^' 



(36) 



E^ = — cot6l e~^(*''') (2-2e^^ +a'(t,r)r)/T 



^^'ip 



--T\ 



Then we consider the non-zero components of the anti- 
symmetric torsion tensor T^^, for the two covariant indices 
with the off diagonal tetrad field. 



rpB _ l-e" 

-^ re — 

rpt/j _ 



rpt _ a'{t,r) 

-'- tr . 2 ' 

rpr _ b{t,r) 
^ tr 2 ■ 



(38) 



According to the transformation relations ( 30 1 of the tetrad 
fields, we can get 

1— Ijcpa n r)— 1; 



TP — TP 



rpp 



[f2-^SPdp[2 - Q-^5P^d^Q] 
SPdf,cj){t,r) 6Pd^cb{t,r) 



flV 



20(t, 



mt,r) 



(39) 
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Because dg4'{t, r) — 0, the additional items T^g^ and T"g^ 
both disappear in the E2' and £'2^, and the result is not 
different from that we have proved. The Birkhoff's Theo- 
rem in /(T) gravity with off diagonal tetrad field in Ein- 
stein frame still holds. 

Then we transform back the metric from Einstein frame 
to Jordan frame. According to the transformation rela- 
tions (30) of the tetrad fields, we can get the metric in 
Jordan frame 



ds2 ^ ^(i,r)-ie'<'') Af ~ <j){t,r)-^S'-^ dr^ 



depends on the constraint on the 4> field by the theoreti- 
cal model. We also can find the uncertainty of the (p field 
comes from the freedom of tetrad field, The extra six de- 
grees of freedom in the off diagonal tetrad conceal the 
physical meaning of the (j) field depending on time. The 
physical reasons for the above consequence of Birkhoff's 
theorem in /(T) gravity is that the concrete form of the 
tetrad field is not determined. 



5 Discussions and Conclusions 



V^sin^^ 



(40) 



Obviously, the metric in the Jordan frame clearly depends 
on time, indicating that the Birkhoff's theorem is not sat- 
isfied. This result suggests the non-physical equivalence 
between both frames. 

On the other hand, the Ei' and E^ , which wc in- 
troduce to prove the validity of Birkhoff's Theorem with 
diagonal tetrad field, change as. 



E,'- 



'a(t,r) 



2r 



-Ht,r)fj 



~d^V ft 



(41) 



^2 2e-*(*''')cos6 , ,, , ,, , 



r4 sin e 



rb{t,r)a' (t.r)] ■ frr + 



dt'ip 



f%^- (42) 



2V2w - 3 



Considering the diagonal tetrad field, the non-zero com- 
ponents of the antisymmetric torsion tensor T^ for the 
two covariant indices. 



rpO _ 1 T* = "'(*■'') 

rO r ' tr , 2 ' 

rpip _ 1 rpr _ h(t,r) 

-'- rip~ r' -'- tr ~ 2 ' 

Tt,= coi9. 



(43) 



The additional item d^(f{t,r)f^^g disappears in the Eq^ 
for d^(p{t,r) = 0, but the equation (41) changes as 



E,o^-'^^kt,r)fr+ V^lt,'^) fAt,r) , 0' 



2r 



2V2a; - 3 



2(f> 



(44) 
So the result is different from that case we have proved 
with diagonal tetrad field. This means that (p{t, r) = 
or 0(i, r) = 0, because that the non-diagonal elements of 
energy-momentum tensor are naturally equal to zero. The 
Birkhoff's Theorem in f{T) gravity with diagonal tetrad 
field in Einstein frame still holds for = 4>{r). Conse- 
quently, the metric in the Jordan frame clearly does not 
depend on time, indicating that the Birkhoff's theorem is 
still satisfied. 

In the above analysis, we have studied the equiva- 
lence between both Einstein frame and Jordan frame. If 
we do not consider the ill-defined 6 —>■ 0^, because of 



.v/V^ 



the transformation relations (30) of the 



tetrad fields only depend on the concrete form of the (/) 
field. In other words, the equivalence between both frames 





(a) outside (b) inside 

Fig. 1. the two cases of the Birkhoff's Theorem 



In this letter we prove the validity of Birkhoff's the- 
orem in f{T) gravity with both the diagonal and the 
off diagonal tetrad fields. In our previous work f33j . we 
have detailedly discussed the physical meanings of the 
Birkhoff's theorem in ordinary conditions, namely, the 
external vacuum gravitational field. More generally, we 
consider a spherically symmetric matter distribution as 
shown in FigjlTa). The gravitational field of the interlin- 
ing vacuum region is spherically symmetric, because of the 
symmetric distribution of source matter. Accordingly, the 
above analysis in this letter is applicable, and the gravita- 
tional field of the vacuum region is static. The only prop- 
erty of the source matter may appear in a{r) of equation 
( 20 1 is the mass of internal source M/ and mass of external 



source Me- (A similar problem is discussed specifically in 
POI HT] for black hole) . The radial motion and distribution 
of the source matter cannot affect the gravitational field 
any way. 

The second conclusion is that the main feature of the 
Birkhoff's theorem is applicable in non-vacuum regions, 
such as the case shown in FigllTb). Note that we actually 
do not claim that the vanishing of density and pressure of 
matter is necessary to prove the validity of Birkhoff's the- 
orem. To obtain Eqs.(16 17 1, what we really demand is 



that the non-diagonal elements of the energy-momentum 
tensor are zero, which is always satisfied for perfect fluid 
models. As a conclusion, the gravitational field is static 
inside the spherically symmetric matter, such as the re- 
gion denoted by dashed line in FigjlTb). This conclusion 
is correct only if there is no radial motion or convection 
across the sphere (the dashed line in Figfljb)). 

As is known to all, Hawking's theorem 42 states that 
a stationary space-time containing a black hole is a solu- 
tion of the Brans-Dicke field equations with V{cj)) = if 
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and only if it is a solution of the field equations, and there- 
fore it must be axially symmetric or static. The proof of 
Hawkings theorem is performed in the Einstein frame, in 
order to obtain that the rescaled Brans-Dicke scalar has 
canonical kinetic energy density and obeys the weak and 
null energy conditions, and prove that the scalar field is 
static. But we can find that an additional scalar-torsion 



coupling term in the action ( 32 ) breaks previous condi 



tions. And considering the scalar field equation (34) with 



U{f)— I2 —0 in vacuum, which is different from Otp — 0, 
so we cannot vanish the contribution from the additional 
term on the horizon. The Hawking's theorem in f{T) grav- 
ity needs more detailed study. 

In this letter we have proved Birkhoff's theorem valid- 
ity in the f{T) gravity with both the diagonal and the off 
diagonal tetrad fields, and discussed the significations of 
this theorem both in vacuum and non- vacuum conditions. 
We do not deal with perturbations in this present work, 
which will be left for our future work in preparation. The 
Birkhoff's theorem generally does not hold in the frame of 
/(i?) gravity by using its scalar-tensor representation, and 
it is invalid at first linear order of perturbations in the Jor- 
dan frames [351 US]- Nevertheless, the case of /(T) gravity 
is more complicated for an additional scalar-torsion cou- 
pling term generated by conformal transformation [25 . 
The perturbations in f(T) gravity have been studied in 
[H] . We can introduce some constraints on scalar field like 
what S. Capozziello, et al, have done [43], by assuming a 
constant zero older scalar field as the background solution. 
Consequently, the zero-order solution in perturbations will 
give the Schwarzschild-(Anti)de Sitter solution, which will 
be proved in our next work [JS]. We must make certain 
whether the higher order of the additional scalar-torsion 
and scalar field would disappear like in the case of f{R) 
gravity, or they still exist and have some effect, which may 
affect the validity of Birkhoff's theorem in the perturba- 
tive approach. We will deal with this problem in detail in 
our next work. 
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